Abstract. A general representation theorem for "precompact" seminorms on a locally convex space is proven. Using this representation theorem the author derives a representation theorem for precompact maps from one locally convex space into another, that is analogous to the spectral representation theorem for compact maps from one Hubert space into another and that is applicable to a very extensive class of locally convex spaces. The author uses his representation theorem to derive new characterizations of Schwartz spaces and proves analogous results for nuclear and strongly nuclear spaces.
1. Introduction. 1.1. The main part of this paper is devoted to a study of precompact maps from one locally convex space into another. The most important results (Theorems 2. 5 and 2.18) appear in §2.
Theorem 2.5 shows that every precompact seminorm (see Definition 2.1) on a locally convex space E is "dominated" by a seminorm of the form q(x) = sup |An| |<x, an}\, where À is a zero-convergent sequence of scalars and {an} is an equicontinuous sequence in the topological dual E'ofE. Many of the results in § §2, 3 and 4 depend in a very essential way upon this "representation theorem." Theorem 2.18 is our "representation theorem" for precompact linear maps from one locally convex space into another. An application of this theorem implies (see Corollary 2.19) that every compact linear map Tfrom a locally convex space E into a Banach space has a representation of the form T(x) = 2 xn<x, an}yn, where A belongs to c0, {an} is an equicontinuous sequence in E' and {yn} is an unconditionally summable sequence in a suitable Banach space such that ||2 fnJ'nl ||f || x, for all í in /". (|| ■ I«, is the supremum norm.)
In §2 we introduce and study a class of precompact linear maps called quasiSchwartz maps (see Definition 2.6). Propositions 2.9 and 2.12 show that, for a very large class of locally convex spaces (which includes the class of all metrizable locally convex spaces), the precompact maps coincide with our quasi-Schwartz maps. Remark 2.13 shows that there exist precompact maps that are not quasiSchwartz. (The author can easily construct such a map using the example of Remark 2.13.) We show that the study of quasi-Schwartz maps reduces, first (see 2.11), to the study of precompact maps from one normed space into another and, finally (see 2.18, 2.19), to the study of a very special class of precompact endomorphisms of the Banach space c0.
In §3 we use the results of §2 to derive new characterizations of Schwartz spaces. We then derive analogous results for nuclear and strongly nuclear spaces. The results of §3 show that, in a certain sense, nuclear spaces are "sandwiched" between Schwartz spaces and strongly nuclear spaces.
In §4 we use Proposition 3.1 to characterize the Schwartzarity, nuclearity and strong nuclearity of the space ^C(E, F) of all continuous linear maps from one locally convex space E into another F, where 3?(E, F) is equipped with the topology of uniform convergence on a family of bounded subsets of E. In the nuclear and strongly nuclear case our result is shown to be equivalent to known results ; in the Schwartz space case it extends (at least, formally) a result of Grothendieck [4, Chapter I, Proposition 7.2, p. 48].
1.2. By a locally convex space, we mean a locally convex Hausdorff topological vector space over the scalar field of real or complex numbers. Let Tí be a locally convex space. We let E' denote the topological dual of E. If A is a subset of E, we let A0 denote the polar of A with respect to the dual system (E, E'). We let <x, a} = a(x) for all x in E and a in £".
A linear map T: /s -> F from one locally convex space into another is precompact [respectively, compact, bounded] if T maps a neighborhood of 0 in E into a precompact [respectively, relatively compact, bounded] subset of F. lT denotes the transpose of T.
1.3. Unless we indicate otherwise, all sums, sups and sequences will be taken over the positive integers.
Let lv (1^/?<oo) [respectively, c0, /"] denote the usual Banach space of all scalar-valued, ^-power summable [respectively, zero-convergent, bounded] sequences. Let s denote the Fréchet space of rapidly decreasing sequences (i.e. the vector space of all scalar-valued sequences A, such that for each integer k 9fc(A) = 2 "1A"I < °°> n and equipped with the topology determined by the seminorms {qk}).
1.4. A seminorm q on a locally convex space E is quasi-/>-nuclear (l^p<oo) We let E(M) = U {AM : A>0} and equip E(M) with the norm || • ||(M) defined by ¡x||(Af) = inf {A>0 : x e AM}. We let J(M): E(M) -» E denote the identity map.
(Note that J(M) is always continuous.) Let q be a seminorm on a locally convex space E. We let E(q) = E/q~1(0), and we let K(q) : E -*■ E(q) denote the natural map. We equip E(q) with the norm || • \\(q) defined by ||AX<7)x||( (7)=í¡r(x). (Note that K(q) is continuous if and only if q is continuous.)
Let V be a balanced, convex, absorbing subset of a locally convex space E.
Let q be the gauge of V. We let E(V)=E(q), K(V) = K(q) and || ■ ¡(K)= || • \\(q). Proof. Let T: E^E(q) x E(p) be defined by T(x) = (K(q)x, K(p)x) for all x in E. Since the kernel of T equals (q+p)_1(0), there is a linear bijection S: E(q+p)
it follows that S is a topological isomorphism. Since q and p are precompact, 7" is precompact. Since S is a topological isomorphism (onto T(E)), the natural map K(q+p) is precompact. Thus, ¿¡r+/? is precompact.
2.3. Proposition. Let E and F be locally convex spaces. Let T: E -> F be a continuous linear map and let q be a continuous seminorm on F.
If either T or q is precompact, then qT is a precompact seminorm on E.
Proof. Since ||A:(<7)(7x)||(<7)=?(7x)= \\K(qT)x\\(qT) for all x in E, E(qT) is iso- for all x in E. Therefore, the condition is necessary. We now show that it is sufficient.
Suppose that ^(x)^sup |An| |<x, a">|, where A belongs to c0 and {an} is an equicontinuous sequence in £". Define a continuous linear map P: E^lm by setting P(x)={(x,an}}. Since K(q)=QDP and since D is precompact, it follows that K(q) (and hence q) is precompact.
2.6. Definition. A linear map T: E^ F from one locally convex space into another is quasi-Schwartz if there is a precompact seminorm q on E such that {T(x) : q(x)i¿ 1} is a bounded subset of F.
By Proposition 2.2 it follows that the totality of all quasi-Schwartz maps from one locally convex space into another is a vector space (when addition and scalar multiplication are defined pointwise).
2.7. Proposition. Let E, F and G be locally convex spaces. Let T: E-+F and S: F-> G be continuous linear maps.
If either T or S is quasi-Schwartz, then ST is quasi-Schwartz.
Proof. If T is quasi-Schwartz, the result follows from the fact that a continuous linear map transforms bounded sets into bounded sets.
If S is quasi-Schwartz, the result follows from Proposition 2.3.
Proposition. Every quasi-Schwartz map is precompact.
Proof. Suppose T: E -> F is quasi-Schwartz. Let q be a precompact seminorm on E such that M={T(x) : q(x)û 1} is bounded in F. Since M is bounded, q~\0) is contained in ker T and there is a continuous linear map S: E(q) -*■ F such that T=S[K(q)]. Since K(q) is precompact, Th precompact. 2.9. Proposition. Let T: E-> F be a linear map from one locally convex space into another. If F is metrizable, then T is quasi-Schwartz if and only ifTis precompact.
Proof. Suppose T is precompact, then there is a continuous seminorm p on E such that M={T(x) : p(x)¿ 1} is a precompact subset of F. Therefore, (Remark 1.9) there is a balanced, convex, bounded set N in F such that N absorbs M and the natural map J:
is continuous, T: E -> F(N) is precompact. By Proposition 2.4 the seminorm q on E defined by q(x)=\\T(x)\\(N) is precompact. Since {7Yx) : q(x)ú 1} is contained in 2N, T is quasi-Schwartz. 2.11. Proposition. Let T: E -*■ F be a linear map from one locally convex space into another.
T is quasi-Schwartz if and only if there is a continuous seminorm p on E,a balanced, convex, bounded subset M of F and a precompact linear map S:
Proof. Suppose T is quasi-Schwartz, then there is a precompact seminorm q on E such that M={T(x) : q(x)^ 1} is bounded in F. Define a continuous linear 
S= QK. Then S: E(p) -> F(M) is precompact and T= [J(M)]S[K(p)].
Sufficiency follows from Propositions 2.7 and 2.9. The proof that (d) implies (a) is similar to the proof of Proposition 2.9. 2.13. Remark. Since an uncountable product of lines does not satisfy condition (c) of Proposition 2.12, there exists a precompact map that is not quasi-Schwartz. Therefore, Definition 2.6 is justified.
In §4 (Proposition 4.3) we show that every locally convex space F, whose strong dual is a Schwartz space, satisfies condition (c) of Proposition 2.12. This fact, together with Propositions 2.9 and 2.12, shows that the quasi-Schwartz maps coincide with the precompact maps for a very extensive class of locally convex spaces. This fact also shows that there exist nonmetrizable spaces that satisfy the equivalent conditions of Proposition 2.12. Since there are no infinite dimensional normed Schwartz spaces, the equivalent conditions of Proposition 2.12 do not characterize those locally convex spaces whose strong duals are Schwartz spaces.
2.14. Definition. A sequence {v"} in a locally convex space E is strongly summable if, for each i in /", the series 2 inA converges in E and {2 £nyn '■ ||£|U í¡ 1, i in /"} is bounded in E.
2.15. Definition. A linear map T: F^ F from one locally convex space into another is a Schwartz map if there is a sequence A in c0, an equicontinuous sequence {an} in £" and a strongly summable sequence {yn} in F such that, for each x in E, T(x) = 2 K<x, an)yn. Proof. The equivalence of (a), (b) and (c) follows from Proposition 2.18 and the fact that there is a locally convex space G containing F as a subspace and having the Co-extension property. (For instance, let G = n l^(V°), where Franges over a fundamental system of balanced, convex neighborhoods of 0 in F and /»(F0) denotes the Banach space of all bounded scalar-valued functions on Vo, equipped with the supremum norm; and use the well-known fact that ¡«¡(V0) has the extension property [9, p. 21] .)
The second half of the corollary follows from Propositions 2.9 and 2.12 (and the above remarks concerning G).
Corollary.
For a locally convex space F, the following are equivalent : (a) F has the c0-extension property. (b) Every quasi-Schwartz linear map from a locally convex space E into F is a Schwartz map.
(c) Every quasi-Schwartz linear map from a subspace ofcQ into F can be extended to a Schwartz map from c0 into F.
If F is metrizable (or if F satisfies one of the conditions of Proposition 2.12), then (a), (b) and (c) above are equivalent to (b') and (c'), where (b') [respectively, (c')] is obtained from (b) [respectively, (c)] by replacing the phrase "quasi-Schwartz" with the word "precompact".
By Remark 2.16 and Corollary 2.20 it follows that every locally convex space having the c0-extension property also has the approximation property [11, p. 108 ].
3. Schwartz spaces and nuclear spaces. Proof, (a) follows from Theorem 2.5. (c) follows from the following observation. If A belongs to s and {an} is an equicontinuous sequence in E', then {2«2An} belongs to s and, for each x in F, sup |An| |<x, an}\ ^ 2 lA«l K*>a»>| ^ sup |2«2An| |<x, a">|.
(b) Our proof of (b) will depend upon the following observation. 3.2. Let 0<p<co. For each continuous seminorm q on the space s of rapidly decreasing sequences, there is an equicontinuous sequence {an} in s' such that for each x in s q(x) è sup«-p|<x, an}\.
(Proof of 3.2). Note that if {an} is an equicontinuous sequence in s', then for each positive integer k, {nkan} is an equicontinuous sequence in s'.
[March Let q be a continuous seminorm on s. For each positive integer n, let an in s' be the Hth projection «x, on>=xn for ail x in s) and choose a positive integer t so that <7(*) = Zn h'|<X ûb>| for ail x in î; then q(x) Ú sup2/ii+2|<x, ¿Ol n for ail x in s.
Let r be a positive integer such that r^p; then q(x) S sup«-r|<x, 2ni + r+2an>| ^ supn"p|<x, 2«! + r+2an>| n n for ail x in s, where {2ní+r+2an} is an equicontinuous sequence in s. We now prove Proposition 3.1(b). Fix 0<p<co and suppose that E is nuclear. By the Komura result [6] there is an index set / such that E is topologically isomorph ic to a subspace of s'. To complete the proof of necessity it suffices to show that each continuous seminorm on s' is of the desired form.
Let q be a continuous seminorm on s'. Choose n elements v(l),..., v(n) in / and choose continuous seminorms qu ..., qn on s so that for each x in s'
For each integer l^k^n use 3.2 to choose an equicontinuous sequence {akr}r in s' so that for each x in s qk(x) Ú supr-"|<x,afcr>|. . By (c) there is a precompact seminorm q on E such that {F(x) : q(x)^l} is a o(F, F')-bounded subset of F Since every <j(F, F')-bounded subset of F is norm bounded, T: E -> F is quasi-Schwartz and hence precompact. Therefore F is a Schwartz space.
3.4. Remark. Analogues of Proposition 3.3 hold for nuclear and strongly nuclear spaces. We will state these analogues here.
We say that a linear map T: E-> F from a locally convex space F into another F is quasi-nuclear [respectively, types], if there is a quasi-nuclear [respectively, strongly nuclear] seminorm q on F such that {T(x) : ^(x)^l} is bounded in F It is easy to see that analogues of Propositions 2.7, 2.8 and 2.11 hold for quasinuclear and type-s maps. Using these analogues it is easy to see that our definition of quasi-nuclear and type-i maps coincides with the usual definition [10, 3.2], [1] , [2] in the normed space case; and that all of the important properties concerning quasi-nuclear and type-j maps in the normed space case can be lifted (via the appropriate analogue of Proposition 2.11) to the locally convex space case. By mimicking the proof of Proposition 3.3, we can prove the following analogue of Proposition 3.3. [March It is well known [10, 9.4.1] that if0<p<oo, then a locally convex space E is nuclear if and only if, for each balanced, convex neighborhood UofO in E, there is another V, such that U absorbs V and, for each n, an(V, U)^n~".
By modifying the proof of [10, 9.4.1] it is easy to see that a locally convex space E is strongly nuclear if and only if, for each balanced, convex neighborhood UofO in E, there is another V, such that U absorbs V and {an( V, U)} e s. (s is the space of rapidly decreasing sequences.) 3.6. Proposition. A locally convex space E is a Schwartz space if and only if, for each balanced, convex neighborhood UofO in E, there is another V, such that U absorbs V and {an( V, U)} belongs to c0.
Proof. Suppose F is a Schwartz space and let U be a balanced, convex neighborhood of 0 in F. Since the natural map S: £^ E(U) is precompact, there is a balanced, convex neighborhood V of 0 in F such that S( V) is a precompact subset of E(U). Let £>0 and let H be a finite subset of F such that S(V)<=(e/2)S(U) + S(H); then V <= (e/2)U+H+ker S c eU+H.
Therefore, an(V, U)^e, where n is the number of elements in H. Since an(V, U) is a decreasing function of«, it follows that {an(V, U)} is in c0. We now show that the condition is sufficient.
Let U be a balanced, convex neighborhood of 0 in F. Choose another, V, such that F<= U and {an(V, U)} belongs to c0. To complete the proof, it suffices to show that S(V) is a precompact subset of E(U), where S: E~> E(U) is the natural map.
Let e>0. Let F be a finite dimensional subspace of F such that (3.7) V^(e/2)U+F.
Since S(Fd V) is an absorbing subset of 5(F), there is a A>0 such that (3.8) XS(Fn U) <= s(F n V).
Since Kc U, S(F n V) is a precompact subset of E(U). Therefore, there is a finite subset H of F such that 
